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e(t)] + E[v(t)e(t)] + E[w(t)e(t)]
which is just (17).
I. INTRODUCTION
The design, stability testing, and stabilization of recursive twodimensional (2-D) digital filters acquire more importance when designing a 2-D recursive filter for applications like image processing and geophysical data processing. When a (2-D) recursive digital filter is designed by using the parameter optimization technique, one approach is to take care of stability at the end of each iteration so that the final filter is guaranteed to be stable when the optimization converges. A second method is to complete the optimization without any reference to stability and then consider the problem of stabilization later. There are three approaches to stabilize an unstable 2-D polynomial B(z1; z2), all of which come under the category of the second method. These are:
1) 2-D discrete Hilbert transform method (DHT) [1] ; 2) double planar least squares inverse (DPLSI) method [3] ; 3) 2-D complex cepstrum method [4] . All of these methods are plagued with difficulties [2] , [5] - [7] . In the DHT method, originally proposed by Read and Treitel [1] , a counterexample exists [2] showing that the 2-D DHT method may fail in some cases. No explanation exists as to why the DHT method fails for these cases. In this paper, we provide an explanation and show that particular types of polynomials, one-dimensional (1-D) DHT method. We show that if the original 2-D polynomial has no zeros on the unit bicircle, the polynomial obtained after applying the DHT method will always be stable. We make it clear that it is the existence of zeros on the unit bicircle which posed the problem in [1] . The result has implications in minimum phase nonrecursive digital filter design for geophysical applications and the stability testing of multidimensional recursive digital filters.
II. A COUNTEREXAMPLE IN THE 1-D CASE
In this section, we present a counterexample to show that even in the 1-D case, the DHT method of stabilizing an unstable polynomial that has zeros on the unit circle fails. This fact has not been brought out clearly in the literature so far [1] , [8] .
Let B(z) be the unstable denominator polynomial of the transfer function of a 1-D recursive digital filter. We assume that the ztransform of a discrete signal is defined with positive powers of z.
With this assumption, a 1-D polynomial is said to be stable if all its zeros are outside the unit circle. We present, in Fig. 1 , the flowchart for obtaining the DHT polynomial [1] , [9] in the 2-D case. A similar chart can be given for the 1-D case as well. Thus, if we consider the accuracy to five decimal places, B 0 H (z) also has a couple of zeros on the unit circle. Also, we may note that larger the FFT size, the closer are the zeros of the DHT polynomial on the unit circle to those of B(z).
Thus, in this counterexample of 1-D case, the DHT method of stabilization fails. To our knowledge, no such counterexample exists in literature. Even in [8] , no mention has been made about this possibility. We explain the reason in Section III after introducing the concept of autocorrelation coefficients.
III. 2-D DHT POLYNOMIAL STABILITY
In this section, we deal with first quadrant 2-D polynomials and show that if the original polynomial B(z 1 ; z 2 ) does not have zeros on the unit bicircle, then the DHT polynomial BH(z1; z2) will be stable. We assume that B H (z 1 ; z 2 ) is the truncated polynomial, the coefficient array being truncated to the same length as B(z 1 ; z 2 ).
We shall first give a basic theorem on the stability of 2-D first quadrant polynomials [10] . Here, we also define 2-D z-transform with positive powers of z. 2) B(z; 1) and B(1; z) are stable.
In our following discussion, we assume that the first condition of Theorem 1 is satisfied by the given polynomial B(z 1 ; z 2 ). That is, B(z 1 ; z 2 ) has no zeros on the unit bicircle. While forming the (N 2 N) 2-D DHT polynomial, we take the magnitude of the untruncated DHT polynomial to be the same as that of B(z 1 ; z 2 ) for any pair of FFT points. This requires that for any pair of values i and j, the corresponding yij's should be the same for both B(z 1 ; z 2 ) and for the DHT polynomial before truncation.
While discussing the minimum phase character of 1-D polynomials obtained by the 1-D Hilbert transform in [8] , it is clearly stated that the DHT polynomial will have continuous minimum phase only when the corresponding DHT polynomial has, before truncation, the same magnitude spectrum in the continuous sense. So, for any (i; j), the untruncated version of the DHT polynomial should have the same y ij as B(z 1 ; z 2 ). But when we take DHT, we are making the two magnitude spectra, that is, the magnitude of B(z1; z2) and that of the untruncated polynomial, the same only at discrete number of points.
Then we truncate it and get B H (z 1 ; z 2 ). In the truncation process, if the coefficients that are removed are negligibly small and if the FFT size is very large, then the two magnitudes will be almost the same. Also, since we take the FFT size as large as possible, the magnitude spectra of B(z 1 ; z 2 ) and B H (z 1 ; z 2 ) will be the same in the continuous sense. In this case, we are only satisfying the condition put forth in [8] and, if the original polynomial B(z1; z2) has zeros on the unit bicircle, it is possible that B H (z 1 ; z 2 ) also has such zeros (possibly slightly disturbed due to truncation). This is so mainly because the autocorrelation coefficients of B(z1; z2)
and B H (z 1 ; z 2 ), which represent the magnitude spectra of these two polynomials, are approximately the same. The same explanation holds in the 1-D example of Section II, when we make the FFT size very large, i.e., N = 32 768. If the original polynomial B(z 1 ; z 2 ) does not have zeros on the unit circle, the corresponding BH(z1; z2) will not have such zeros either and will be stable.
In [9] , we have proved that B H (z; 1) and B H (1; z) are stable 1-D polynomials. At this stage, we shall make it clear that, in view of counterexample in Example 1, B H (z; 1) and B H (1; z) will be stable provided the corresponding B(z; 1) and B(1; z) do not have zeros on the unit circle. B(z; 1) and B(1; z) will not have zeros on the unit circle [11] , since we assume that B(z 1 ; z 2 ) is free of zeros on the unit bicircle. So we come to the conclusion that the two conditions of Theorem 1 will be satisfied by the DHT polynomial B H (z 1 ; z 2 ). Thus, we have the following theorem.
Theorem 2: The 2-D DHT polynomial B H (z 1 ; z 2 ) of any first quadrant 2-D polynomial B(z1; z2) not having zeros on the unit bicircle is stable. It may be mentioned here that as was stated in [9] , the order of the 2-D FFT in arriving at the DHT polynomial BH(z1; z2) needs to be large for it to be stable. The order can be any sufficiently large number to make the two magnitudes to be the same in the continuous sense. It may be mentioned that the coefficients beyond 3 2 3 support are of the order 10 05 and less which may be considered negligible. As a result, the autocorrelation coefficients of B(z1; z2) and BH(z1; z2)
are almost the same as is given in Table I . [2] We observe that since the two sets of auto correlation coefficients are almost the same as we have mentioned earlier in this section (deviating by not more than 0.014), the DHT polynomial does not have zeros on the unit bicircle since the original polynomial has no such zeros. In fact, if we take percentage deviation of each value in Example 3, the deviation is insignificant.
One may note here that the autocorrelation coefficients of the original polynomial of counterexample of Read and Treitel [2] and its truncated DHT polynomial are almost the same. The corresponding autocorrelation coefficients are given in Table II . This comparatively low percentage discrepancy in the values of the autocorrelation coefficients of the two polynomials (before and after the DHT) may give rise to instability. This is why, in this case, BH (z1; z2) has zeros on the unit bicircle [2] making it unstable.
If by chance, for a given 2-D polynomial B H (z 1 ; z 2 ) when we take its DHT polynomial with large FFT size, the truncated coefficients are not of negligible value, then B(z 1 ; z 2 ) and B H (z 1 ; z 2 ) will have widely different autocorrelation coefficients. As a result, the magnitudes of B(z 1 ; z 2 ) and B H (z 1 ; z 2 ) will be very much different in the continuous sense. So if B(z 1 ; z 2 ) has zeros on the unit bicircle, BH (z1; z2 ) need not have such zeros and hence may be stable.
IV. CONCLUSION
In this paper, we have given a counterexample showing that even in the 1-D case, the DHT method may not produce a stable 1-D polynomial if the original polynomial has zeros on the unit circle. It is therefore conjectured that the same may hold true even in the 2-D DHT case and is confirmed by one of the counterexamples produced by Read and Treitel [1] and [2] . We have established a theorem in this paper, by clubbing the theorems of [9] , that any 2-D polynomial can be stabilized using the DHT method, provided the polynomial has no zeros on the unit bicircle; this confirms our earlier conjecture [12] . As we have mentioned in [9] , we have to take a large order FFT while producing the DHT polynomial. In the case when B(z1 ; z2 ) has zeros on the unit bicircle, the corresponding B H (z 1 ; z 2 ) may or may not be stable, depending on whether the truncated coefficients are negligible or are not.
Unfortunately, the results of this paper reduce the importance of the DHT method of stabilizing unstable 2-D polynomials, since this method cannot guarantee stability when the unstable 2-D polynomial has zeros on the unit bicircle.
